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Abstract. This article reviews the recent advances on the statistical founda-
tion of reinforcement learning (RL) in the offline and low-adaptive settings.
We will start by arguing why offline RL is the appropriate model for almost
any real-life ML problems, even if they have nothing to do with the recent
Al breakthroughs that use RL. Then we will zoom into two fundamental
problems of offline RL: offline policy evaluation (OPE) and offline policy
learning (OPL). It may be surprising to people that tight bounds for these
problems were not known even for tabular and linear cases until recently. We
delineate the differences between worst-case minimax bounds and instance-
dependent bounds. We also cover key algorithmic ideas and proof techniques
behind near-optimal instance-dependent methods in OPE and OPL. Finally,
we discuss the limitations of offline RL and review a burgeoning problem of
low-adaptive exploration which addresses these limitations by providing a
sweet middle ground between offline and online RL.

Key words and phrases: Sample Complexity, Offline Reinforcement Learn-

ing, Low-Adaptive Exploration.

1. INTRODUCTION

Reinforcement learning (RL) has gained remarkable
popularity lately. Most people would attribute the surge
to its usage in Al milestones such as AlphaGo [17, 51,
56, 75, 76] and in instruction-tuning large language mod-
els [8, 12, 65, 77]. We, however, argue that it is caused by
a more fundamental paradigm shift that places RL in the
front and center of nearly every Machine Learning (ML)
application in practice. Why? Training an accurate clas-
sifier is most likely not the end goal of an ML task. In-
stead, the predictions of the trained ML model is often
used as interventions hence changing the distribution of
future data. Real-world applications are usually sequen-
tial decision-making problems, and trained ML models
need to be combined with RL methods to perform high-
quality decision-making. We provide three examples.
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Al Diagnosis/Screening. In medical diagnosis, ML
models are frequently used to predict the likelihood of
a patient having a certain disease based on their symp-
toms and medical history. However, these predictions are
not the final outcome; they often guide subsequent med-
ical interventions, such as recommending further tests or
treatments. These interventions, in turn, influence future
patient states, creating a feedback loop that affects the
data distribution. RL methods are essential in this con-
text to optimize the sequence of decisions—Iike treatment
plans—over time, improving patient’s outcomes. For in-
stance, [62] used RL to develop a model that assists in the
management of ICU by recommending treatment strate-
gies that adapt to the evolving condition of the patient.

Recommendation Systems. Traditional recommenda-
tion systems rely on ML models to predict user pref-
erences based on historical data. However, when these
recommendations are presented to users, they influence
user behavior and preferences, which alters future data.
This dynamic environment is well-suited to RL, where the
goal is to maximize long-term user engagement by con-
tinuously adapting recommendations based on real-time
feedback. For example, [104] applied RL to optimize a
recommendation system for news articles, showing that
it could significantly improve user click-through rates by
considering the long-term effects of recommendations.
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Video Streaming over Wireless Networks. In video
streaming applications, ML models are used to predict
network conditions and select appropriate streaming bi-
trates. These predictions directly influence the quality
of the streaming experience and the subsequent network
load, posing a challenging sequential decision-making
problem. RL can be applied to adaptively adjust bitrates to
optimize the trade-off between video quality and buffer-
ing. For instance, [52] introduced a system called Pen-
sieve, which uses RL to optimize video streaming quality
over wireless networks by learning from past streaming
experiences and network conditions.

These examples not only demonstrate the fundamental
applicability of RL across diverse domains but also bring
to light the significant challenges it faces.

Notably, most real-life RL problems are offline RL
problems. Unlike Chess or Go with unlimited access to
simulators, it is often unsafe, illegal, or costly to conduct
experiments in the task environment. Instead, we need to
work with an offline dataset collected from the environ-
ment, which poses fundamental problems on what can be
learned offline and how (statistically) efficiently one can
learn from the offline dataset. Three critical aspects of the
offline RL problems are:

* Long horizon problem. The long decision horizon
in RL poses unique challenge for finding the op-
timal strategy. In particular, the undesired actions
chosen at earlier phases will have long-lasting im-
pact for the future, making the strategy suboptimal.
Small deviations from the optimal policy early on
can propagate and amplify over time, further com-
plicating the learning process.

* Distribution Shift and Coverage. Distribution
shift is a fundamental challenge in reinforcement
learning that occurs when the distribution of data
the agent encounters during training differs from
the distribution of optimal policies. When the over-
lap (measured by certain distribution distance met-
ric) between the two distributions is small, it would
be hard to find optimal actions due to the insuf-
ficient data coverage, especially when the offline
dataset is collected using a suboptimal policy.

* Function Approximation and Generalization.
The state and action space of RL problems are of-
ten so large that a finite dataset cannot cover. In
such cases, RL requires generalization across states
through a certain feature representation of the states
and a parametric approximation of the value func-
tions. Learning such function approximations of-
fline is more challenging.

This article aims to review recent advances of the statis-
tical foundations for offline RL, covering both problems
in offline policy evaluation and offline policy learning.
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Specifically, we review what the fundamental learning
hardness/statistical limits for offline RL under different
MDP (Markov Decision Processes) or function approxi-
mation structures are. By examining the statistical results,
we reveal how factors such as distribution shift and hori-
zon length affect the learning hardness of the problems.
We also introduce the related algorithms and highlight the
theoretical techniques to achieve these results.

Paper organization. We first introduce the mathemat-
ical notations and set up the problems of interest in Sec-
tion 2. Then the remaining sections describe results in of-
fline policy evaluation, offline policy learning and low-
adaptive exploration under various assumptions (see Ta-
ble 1).

Disclaimer. The literature of offline RL is gigantic. It
is not our intention to provide thorough coverage. In-
stead, the topics and results covered in this paper fo-
cus on a niche that the coauthors studied in the past few
years. Since our goal is pedagogical, we do not make any
claims about novelty and precedence of scientific discov-
ery. Please refer to the bibliography and the references
therein for a more detailed discussion.

2. NOTATIONS AND PROBLEM SETUP

We first provide the background for different problem
settings that we consider in this article.

2.1 Episodic time-inhomogenuous RL

A finite-horizon Markov Decision Process (MDP) is
denoted by a tuple M = (S, A, P,r,H,d;) [78], where
S is the state space and .A is the action space. A time-
inhomogenuous transition kernel P, : S x A x S+ [0, 1]
maps each state action(sy,a) to a probability distribu-
tion Py, (+|sn,an) and Py, can be different across the time.
Besides, r : S x A — R is the expected instantaneous
reward function satisfying 0 < r < Ryax. di is the ini-
tial state distribution. H is the horizon. A policy m =
(m1,...,m) assigns each state s, € S a probability dis-
tribution over actions according to the map sy, — 75, (+|sp)
Vh € [H]. An MDP together with a policy 7 induce a ran-
dom trajectory s1,a1,71, .- -
di,ap ~ W(-’Sh), Sh41 ~ Ph('|3h7 ah),Vh S [H] and ry, is
a random realization given the observed sy, ay,.

Bellman (optimality) equations. The value function
Vir(-) € RS and Q-value function QZ(.7 )€ RSXA for

-y SH,QH,TH,SH+1 with s1 ~
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Problem setup | Offline Evaluation

Offline Learning  Low-Adaptive Exploration

Tabular MDP Section 3.3 Section 5 Section 7.1

Linear Approx. Section 4.1 Section 6.1 Section 7.2

Parametric Approx. Section 4.2 Section 6.2 Section 7.3
TABLE 1

Overview of the paper structure.

any policy 7 is defined as, Vs,a € S, A, h € [H]:

Zrt|5haah =s,al.

The Dynamic Programming principle follows [9, 67, 69]
Vh € [H]:
(1)

QZ(Sv a) =Tt Es’wPh(-\s,a) [szr—i-l(sl)L szr =Eq~m, [Q;Lr]v

Qp(s,a) =rp + ]ES’NP;L(-\s,a) [V};-l(sl)}v V};k = max QZ(a a).

Vit (s Zrt|sh—s QF (s, a)
t=h

The corresponding Bellman operators are defined as:
Ph(f)(s,a) =rn+Egop,(|s,a),a~n(|s) [f(s',a")],

@ I
Pr(f)(s,a) =rp + IEs’NPh(-|s,a) [H}la/xf(s ).

We incorporate the standard marginal state-action oc-
cupancy dj(s,a) as: dj(s,a) := P[s, = s,ap = als; ~
dy, 7). The performance per policy 7 is defined as

=Eq, [V{'] =Era, [Z Tt] :

2.2 Structured MDP models

In this article, we examine three fundamental yet repre-
sentative MDP models (or related function approximation
classes) that are well-structured. Despite their simplicity,
as we will discuss in later sections, their statistical limits
have not been well-understood until recently.

Tabular MDPs. Tabular MDP is arguably the most
simple setting in RL. It is a Markov Decision Process
with finite states |S| < oo and finite actions |.A| < co. The
most common tabular MDPs, such as Gridworlds, often
have small state and action spaces. When the number of
states and actions are large, they are generally not treated
as discrete and are instead addressed using function ap-
proximators.

Linear MDPs. An episodic MDP (S, A, P,r, H,d;) is
called a linear MDP with a known (unsigned) feature map
¢ : S x A — R?if there exist d unknown (unsigned) mea-
sures vp, = (V}(ll), ey I/;Ld)) over S and an unknown vector
0, € R? such that Vs',s € S, a € A, h € [H],

Py, (S, | S,CL) = <¢(57a)71/h (5/)>> Th (S,(I) = <d)(x>a)a0h>

with [ [[va(s)| ds < v/d and max([|¢(s, a)lly, [|0nll5) <
1forall he[H]and Vs,a € S x A.

When specify d = [S] x |A| and ¢(x,a) = 1(,4) be
the canonical basis in RY, linear MDPs recover tabu-
lar MDPs. Thus, linear MDPs strictly generalize tabular
MDPs and allow continuous state-actions spaces.

Linear Functions approximation. By Bellman equa-
tion (1), Linear MDP aimplies that the value function Q7
for any policy = is a linear function in the feature vector

o, i.e.,
Qn() € {(8().0) |0 R}

for any h € [H] and 7. It is sometimes sufficient to di-
rectly reason about these linear function approximations
rather than relying on the stronger linear MDPs structures.
There are various subtle differences in the various type of
linear function approximation. For the purpose of this pa-
per though, it suffices to just think about linear MDPs.

For more general MDPs, it is harder to impose tractable
structures. Alternatively, we consider the following struc-
tured function class that is expressive enough to learn gen-
eral MDPs.

Parametric Differentiable Functions. Let S, A be ar-
bitrary state, action spaces and a feature map ¢(-,-) :
S x A — ¥ C R™. The parameter space © € R?. Both
O and V¥ are compact spaces. Then the parametric func-
tion class (for a model f : R? x R™ — R) is defined as

Fo={f(0,6(,):Sx A>R,0c 0O}

that satisfies differentiability/smoothness condition: 1. for
any ¢ € R™, f(0,¢) is third-time differentiable with re-
spect to 0; 2. f,0pf, 054 f,0j 4 are jointly continuous
for (0, ¢). Clearly, F generalizes linear function class (via
choosing f(0,¢) = (0, ®)).

2.3 Offline RL Tasks

The offline RL begins with a static offline data D =

{(sz, ap,rhySh +1> }iz] rolled out from some behavior
policy p. In particular, the offline nature requires we can-
not change p and in particular we do not assume the func-
tional knowledge of p. There are two major tasks consid-
ered in offline RL.

* Offline Policy Evaluation (OPE). For a policy of
interest 7, the agent needs to evaluate its perfor-
mance v™ using D. In general, there is a distribu-
tion mismatch between 7 and p. The goal is to con-
struct an estimator v™ such that [v™ — ™| < € or
mean square error E,[(v™ —77)?] < e).



* Offline Policy Learning (OPL). This requires the
agent to find a reward-maximizing policy 7* :=
argmax_v™ given data D. That is to say, given the
batch data D and a targeted accuracy € > 0, the
offline RL seeks to find a policy myg such that
v* — T g,

Both OPE and OPL are essential to a real-world of-
fline RL system since the decision maker should first run
the offline learning algorithm to find a near optimal pol-
icy and then use OPE methods to check if the obtained
policy is good enough. For instance, in finance, OPL can
be applied for learning a strategy, but traders still need
to run OPE for backtesting before deployment. On the
other hand, they are also standalone research questions,
e.g. doctors can be asked to evaluate a heuristic treatment
plan that does not involve offline learning, which makes
it a pure OPE problem.

REMARK 1. The source of historical data D could be
multilateral, and there are papers (e.g. [34, 74]) directly
considers data distribution without specifying p. We in-
corporate a specific behavior policy p to manifest the dis-
tribution mismatch between . and 7.

2.4 Assumptions in offline RL

Due to the inherent distribution shift in offline RL, for
both OPE and OPL, we revise different assumptions for
different problem classes in Section 2.2. These assump-
tions are standard protocols for deriving provably efficient
results.

Offline Policy Evaluation. For tabular OPE, it requires
marginal state ratios and policy ratios to be finite, as stated
below.

ASSUMPTION 1 (Tabular OPE [90, 94]). Logging
policy u obeys that d, := ming s d}'(s) > 0. Also, T :=

d‘l\'
max g d?—gzg < +00 and T, = max; s 4 ZEZB < +00.

Having bounded weights is necessary for discrete state
and actions, as otherwise the unbounded importance ratio
would cause the estimation error become intractable.

ASSUMPTION 2 (Linear OPE [14, 27]). Let the pop-
ulation feature covariance ¥y, :=E,, j, [gb(s, a)p(s, a)T].
Then we assume ming, Ay (X)) > 0 with Ay, being the
minimal eigenvalue.

This assumption ensures the behavior policy p has
good coverage over the state-action spaces. For instance,
when ¢(z,a) = 1, 4), the assumption above reduces to
ming q dj (s,a) > 0.

ASSUMPTION 3 (Parametric OPE [100]). Policy com-
pleteness: assume reward r € F and for any f € F, we
have PT f € F. Policy realizability: assume Q™ (-,-) =
f(#(-,-),0™) for some 0™ € R%. Lastly, let the population
feature covariance

S =By [V (6(5,0),07)V f(6(5,0),6™) ]

Then we assume ming Ay (2p,) > 0.

Policy completeness and policy realizability ensure the
policy class is rich enough to capture Q)™. Besides, the
assumption on the population feature covariance general-
izes the Linear OPE case.

Offline Policy Learning. Next, we summarize the
common assumptions (from strong to weak) that can yield
statistical sample efficiency for policy learning. After that,
we introduce extra assumptions for offline learning in the
function approximation settings.

ASSUMPTION 4 (Uniform data coverage [74, 96]).
For behavior policy, dp, := miny, s, dj (s,a) > 0. Here
the infimum is over all the states satisfying there exists
certain policy so that this state can be reached by the cur-
rent MDP with this policy."

This is the strongest assumption in offline RL as it re-
quires p to explore each state-action pairs with positive
probability at different time step h. For tabular RL, it
mostly holds 1/SA > d,;, under Assumption 4. This re-
veals offline learning is generically harder than the gen-
erative model setting [2, 43] in the statistical sense. On
the other hand, for task where it needs to evaluate differ-
ent policies simultaneously (such as uniform OPE task in
[96]), this is required as the task considered is in general
a harder task than offline learning.

ASSUMPTION 5 (Uniform concentrability [11, 42, 79,
891). Forallpolicy mt, Gy, :=sup, p, ||df(-,-) /dj, (-, ) [ oo-
The parameter C,, < 400 is commonly known as “con-
centrability efficient”.

This is a classical offline RL condition that is com-
monly assumed in the function approximation scheme
(e.g. Fitted Q-Iteration in [42, 79], MSBO in [89]). Qual-
itatively, this is a uniform data-coverage assumption that
is similar to Assumption 4, but quantitatively, the coeffi-
cient C,, can be smaller than 1 /dy, due the dy term in the
numerator. There are other variants of concentrability ef-
ficient [63, 91] that capture the data coverage of behavior
policy slightly differently.

'Note here dm is defined by minimizing over the state and action
spaces. For Assumption 1, dm, only concerns state.
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ASSUMPTION 6 (Single policy coverage [47, 95]).
There exists one optimal policy ©*, such that ¥sp,ap, €
S, A, d}(sp,ap) > 0ifdf (sp,ap) > 0. We further denote
the trackable set as Cp, := {(sp, ap) : d}, (s, ap) > 0}.

Assumption 6 is arguably the weakest assumption
needed for accurately learning the optimal value v*. It
only requires y to trace the state-action space of one opti-
mal policy and can be agnostic at other locations.

ASSUMPTION 7 (Realizability+Bellman Completeness
[98]). The parametric function class F in Section 2.2
satisfies: 1. Realizability: for optimal Qj, there exists
07 € © such that Qj(-,-) = f(05,¢(:)) Vh; 2. Bellman
Completeness: let G .= {V(-) e RS : s.t. V|, < H}.
Then in this case supy cginfrer || f — Pnr(V)|l,, = 0.

Realizability and Bellman Completeness are widely
adopted in the offline RL analysis with general function
approximations [11, 91], and they are assumed to ensure
class F is expressive enough to capture the Q-values of
the problems and any bounded functions after Bellman
updates.

Additional structural data coverage assumption. For
linear OPL task, we adopt the Assumption 2 from linear
OPE. As explained before, this assumption is a character-
ization of Assumption 4 with linear features.

ASSUMPTION 8 (Linear OPL, Identical to Assump-
tion 4). Let the population feature covariance Xy =
E,.n [0(s,a)¢(s,a)T]. Then we assume miny, Ayin(p) >
0 with A, being the minimal eigenvalue.

For parametric differentiable function class F, we im-
pose the following structural data coverage assumption to
replace Assumption 4-6. The statistical limit is achieved
due to properly leveraging the assumptions on the gradi-
ent covariance and the quadratic structure. It depends on
both the MDPs and the function approximation class F.

ASSUMPTION 9 (Uniform Coverage for F). We as-
sume there exists > 0, such thatVh € [H],6,,02,0 € ©,

© Epun [([01,0(,) = [ (02,00, )] 2 w161 623,
* Epp [VI(0,6(5,0) - V(0 6(5.0) T | - k1,

In the linear function approximation regime, Assump-
tion 9 reduces to Assumption 8. The first condition serves
more for the “optimization” purpose as it can be cast as
a variant of the quadratic growth condition [3]. For more
discussion about this condition, please refer to [13, 98].
We will go through the statistical limits of offline policy
learning with these assumptions.

3. OFFLINE POLICY EVALUATION IN CONTEXTUAL
BANDITS AND TABULAR RL

Let’s start by the problem of offline policy evaluation
(OPE) — the problem of evaluating a fixed target policy 7
using data collected by executing a logging (or behavior)
policy p.

Readers may wonder why this is even a problem. Ad-
mittedly, in supervised learning, one can simply evaluate
a classifier policy on a validation dataset. Similarly, in on-
line RL, one can roll out policy 7 to see how well it works.

The problem starts to arise in offline problems because
we do not have data directly associated with policy 7.

3.1 OPE in contextual bandits

Let us build intuition by considering the contextual ban-
dit problem. Contextual bandit (CB) problem is a special
case of RL with horizon H = 1, where the initial state s
is referred to as the “context”. For short horizon problems
such as CB, the main challenge is to handle distribution
shift. Motivated by a change of measure formula

r(s,a)l,

m(als)

veg =E sud,, [r(5,0)] =E s,
=B oty VN =E ety L)
classical methods employ importance sampling (IS) [29,
45, 68] to corrects the mismatch in the distributions under
the behavior policy i and target policy 7. Specifically, let
the importance ratio be p := m(als)/u(als), then the IS
estimator is computed as:

. 1 e o
’Z);TS_CB = E Zp(l)r(l)
i=1

It is known to be effective for real-world applications such
as news article recommendations [15, 44].

The mean square estimation error (MSE) of the IS esti-
mator U5 -5 decomposes into two terms

%(Eu[p(s,a)2\/ar[r|s,a}] + Vary[p(s,a)E[r|s,a]]).

The first term comes from the noisy reward while the second
term comes from the random (s,a) pair. Interestingly, if we
make no assumption about E[r|s,a] and the size of the state-
space is large, then IS is minimax optimal [86, Theorem 1].
On the contrary, if E[r|s, a] can be estimated sufficiently accu-
rately, then there are methods that asymptotically do not depend
on the Var[E[]].

Perhaps a bit surprising to some readers, the above conclu-
sion implies that even for on-policy evaluation, i.e., 7 = p and
p = 1, the naive value estimator of %Eir(i) IS with p=1)
can be substantially improved using a good reward model.

3.2 “Curse of Horizon” in OPE for RL

The IS estimators are later adopted for long horizon sequen-
tial decision making (RL) problems. Concretely, denote the ¢-
step importance ratio py := m¢(at|st)/ue(at|st) and the cumu-
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lative importance ratio p1.¢ := Hi’:l py » the (stepwise) Impor-
tance Sampling estimators for RL are defined as:

g = ZUIS ) UIS)' ZT

A(z
step IS = Ustep-1S> step IS * T Z pl l‘r

where pgl% = Hi’:l 7rt/(at,Z |s£,2 )/,u,y(at,Z |stf ). In addition,
there are many works extend IS estimators and different vari-
ants such as weighted IS estimators and doubly robust estima-
tors [15, 28, 32, 59] are proposed.

While IS-based OPE methods can correct the distribution
shift and are statistically unbiased, the variance of the cumu-
lative importance ratios p1.; may grow exponentially as the
horizon goes long. We provide two concrete examples in Ap-
pendix A which demonstrate that IS-based methods suffer from
exponential variance even in the simplest tabular RL problems.

To make matters worse, the exponential sample complexity
in H cannot be improved in general in the large state-space
regime unless we make additional assumptions [32]. This is
known as the “curse of horizon” in offline RL. We refer read-
ers to a sister article [33] that appears in the same issue of this
journal for a quest to obtain sufficient and necessary conditions
that enable poly(H ) sample complexity.

Instead of inspecting the exponential separation, we zoom
into three well-established sufficient conditions (from Sec-
tion 2) that circumvent the “curse of horizon” and focus on
providing fine-grained statistical characterization of the optimal
OPE error bound and design adaptive estimators that take ad-
vantage of individual problem instances. We will cover the case
with small finite state spaces in Section 3.3 and then function
approximation in Section 4.

3.3 OPE in Tabular MDPs

The most basic model of interest is the tabular MDP, namely,
MDP when the state and action spaces are finite and that the
policy p gets to visit all states and actions that 7 visits. A sta-
tistical lower bound for OPE in the tabular MDP setting is es-
tablished in [32].

THEOREM 3.1 (Cramer-Rao lower bound for tabular OPE
[32]). For discrete DAG MDPs with horizon H, the variance
of any unbiased estimator U with n trajectories from policy
satisfies

2
St at
n - Var[d [ !

St;at

||Mm

The construction of the CR lower bound relies on comput-
ing the constrained version of Fisher Information Matrix. Un-
der Assumption 1, this right hand side can be readily bounded
by O(7s74 H?) (after a change of measure into E[-])?, which

>The tightest bound is actually O(rsta H 2) using Lemma 3.3
which we describe later.

5 Var [‘4+1(st+1) + T“t‘st,atH .

makes the IS estimators with a variance of exp(H) exponen-
tially suboptimal.

Marginalized Importance Sampling. In [90, 94], we ad-
dressed the exponential gap by an idea that is now referred to as
Marginalized Importance Sampling. If we re-examine the value
objective with RL, by a change of measure formula,

< T dr(se) o
i ;Tt EM de(st)rt (St)

t=1
with 777 (s) = Eqr(.|s)[re(s,a)|s]. This reformulation re-
veals, rather than applying pi.¢+, we could instead estimate the
marginal state density ratio df / df . Inspired by this observa-
tion, the Marginalized Importance Sampling (MIS) estimator is
defined as

(3\" sl(f )

3) Ds = — ZZ (Z)?? (s).

zltl

Different design choices for d’r,al“,?7T in (3) yield different
MIS estimators.
State MIS (SMIS [90]). For SMIS, c?l (+) is directly estimated

0 7 2 1(5t = st) 1=
;t whenever ng, > 0 and d?(st)/dt (st) =0 when ns; = 0.
Marginal state distributions are estimated via recursion df =

using the empirical mean, i.e. (;,p (st)

ISt” Af_l, followed by the estimations P (s¢|s¢—1) and state re-
ward ] (s¢) as:

~

1< (@) i i
7s) =30 M0 1= )

SMIS (3) explicitly gets rid of the cumulative importance
ratio p1.; and provides the polynomial sample complexity for
horizon under Mean Square Error.

THEOREM 3.2. Under Assumption 1 and other mild reg-
ularity conditions, the MSE of state marginalized importance
sampling satisfies

St]‘|

E [(67STMIS - UW)Q}

e [ v S 0 i+
t=1

~(1+0<\/1°g”>>+0( ).

The big O notation hides universal constants.

The MSE of SMIS is O(rs7,H3/n) and the result holds
even when the action space is continuous. This exponentially
improves over the standard IS.

SMIS however, does not match the Cramer-Rao lower bound.
In particular, the asymptotic MSE (modulo a 1 + O(n~1/2)
multiplicative factor and an O(1/n?) additive factor) is

st]]

i (V%1 (se41) + 1)
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and is asymptotically bigger than the CR lower bound in The-
orem 3.1 by an additive term

1 d7r St 2 mt (at | St) T
; { ar“[ﬂt (at | St)Qt (ea0)| St]]

due to the decomposition via Law of total variance that

m(at|s -
o W(at | St)2 T
S) =Eu|———5 Var [Vt-f—l (s¢+1) +7¢ Stﬂt] St
p(at | st)
m(at | st) r
+Varu |:‘u(at5t)Qt (St,at) St:| .

Not only does it miss the CR lower bound by an additive
factor, it also has a worse dependence in horizon H. SMIS has
an MSE that scales O(H?3), but one can show that the Cramer-
Rao lower bound in Theorem 3.1 scales only quadratically in
H. This is a non-trivial fact that follows from the following
lemma (iterative law of total variance).

LEMMA 3.3.  [[6, 22, 94]]For any policy ™ and MDP,
H H

Vary Zrt] = Z (IE7r [Var [V (st41) + re|se, ae]]
t=1 t=1

Er [Var [E[V{S 1 (se41) + 7else, ag)|se] ] )

Observe that the first term on the RHS is the CR lower bound
and the second term is non-negative, thus, by |r| < 1 we get
that the CR lower bound of O(7s7, H?).

The gap from the lower bound is rooted in the importance ra-
tios applied for state transition estimations (4) which eventually
propagate into the conditional variance terms of MSE. It is an
open problem whether the O (757, H>/n) bound of SMIS can
be improved in the setting of (exponentially) large action space
A. Our conjecture is inthe negative, similar to the contextual
bandits results by [86].

When the action space is also finite, [94] proved that an al-

ternative estimator, Tabular MIS, closes the gap.
Statistically optimal OPE — Tabular MIS. To remove impor-
tance weights (4), we need to go beyond state transitions and
estimate state-action transitions P;y1(s’|s,a) and state-action
reward 7¢(s,a) via:

@) @) ()

P nf 1((s y Ay S = 8/387a
Pii1(s]s,a) = ==2 (5441 ; 1) = )]
?t(s,a) = ;L 1 7ﬁt 1[(5;; , Oy ) = (S,a)]’

with P,y 1(s'|s,a) = 0 and 1 i(s,a) = 0 if nsq = 0. The cor-
respondlng estimation of Pt (s'|s) and 7 7 (s ) are defined by
averaging P, and 7; over 7 and then d? = P’rdz‘/T 1- Tabular
MIS (TMIS) [94] is then defined via plugging P”, r7 and df

into (3). It differs from SMIS by leveraging the fact that each
state-action pair is visited frequently under the tabular setting.

Estimator MSE (realizable) MSE (misspecified)
Import. Sampl. (IS) exp(H)/n exp(H)/n
Doubly Robust exp(H)/n exp(H)/n
State MIS H3Ts7'a/n H3T3Ta/n—|— bias2
TMIS/FQE/Model-Based H?757a/n H?757q/n + bias?
TABLE 2

Summary of OPE methods for tabular RL and their squared
estimation error.

MIS vs. Model-based estimators. Tabular marginalized im-
portance sampling estimator has dual expressions

1 d7r
EZZC’ZWSE% —UTMls—ZZdt s, a) ,a),

i=1t=1 t=1 s,a

where the right-hand-side expression reveals TMIS is also a
model-based estimator as it estimates model transitions P; and
replaces the model with the estimated model for the evaluation
purpose. Consequently, despite their differences in complex set-
tings, marginalized importance sampling and model-based esti-
mators can be unified through TMIS in tabular RL, using stan-
dard MLE estimators, similar to traditional statistical estimation
problems [18]. More importantly, it is statistically optimal for
the tabular OPE problem.

THEOREM 3.4. Let D = {(sgl),agl),rt(z))}%j ]] be ob-

tained by running a behavior policy p and w is the target policy
to evaluate. Under Assumption I and other mild regularity con-
ditions, the MSE of tabular marginalized importance sampling
satisfies

E {(6’715MIS - Uw)z}
) )
@) = ZE [ ZZ)

-[1+0(\/k’%)1 +0(%).

The big O notation hides universal constants.

Varu[ (Vi (se+1) +7¢)| s }]

Asymptotic efficiency and local minimaxity. The error
bound implies that limy, o0 7 - E[(0% g — v™)?] equals

]|

This result exactly matches the CR-lower bound 3.1 and strictly
improves state MIS estimator, indicating that both the lower
bound 3.1 and upper bound 3.4 are tight. Modern estimation
theory [82] establishes that CR-lower bound is the asymptotic
minimax lower bound for the MSE of all estimators in every
local neighborhood of the parameter space.® Therefore, Tabular
marginalized importance sampling is asymptotically efficient,

H
d” (s, ar)? o
R e KL

3In classical statistical text, CR-lower bound is often used to lower
bound the variance of the class of unbiased estimators.
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and locally minimax optimal (i.e. optimal for every problem in-
stance separately).

This result provides new insight even for on-policy evalua-
tion. By default, on-policy evaluation is computed by averag-

ing Monte Carlo returns and its MSE is Var; [Zgl rt]. As

implied by Lemma 3.3, the surprising observation is that TMIS
improves the efficiency even for the on-policy evaluation prob-
lem. This means the natural Monte Carlo estimator of the re-
ward in the on-policy evaluation problem is in fact asymptoti-
cally inefficient.

100 R 2

-

01

Relative RMSE
Relative RMSE
"
u

g
i

10* 102 10° 70T 107
Horizon H Episode n

FIG 2. Adopted from [94]. Different scaling law for TMIS, SMIS and
IS for a time-inhomogenuous MDP. Relative RMSE (v/MSE/v™ ). For
episode n, the right panel shows both TMIS and SMIS have a conver-
gence rate ofn_l/Q. For horizon H, the left panel shows the MSE of
TMIS has the optimal dependence O(H 2), while SMIS has the depen-
dence O(H 3),

Discussion. The idea of MIS estimators goes well beyond
tabular settings. MIS can be viewed as a dual form of the
Bellman value decomposition. This view motivated researchers
[21, 26, 46] to come up with alternative schemes for function
approximations in deep RL, e.g., visitation measure d” (s, a) or
the importance weights p(s,a) = g—i(s, a) instead of the value
functions. One can also approximates both the () function and
p functions, e.g., the double reinforcement learning approach
[35, 36] and the DICE family [60, 81, 101]. It remains one of
the active research areas in RL theory and algorithm design.

As a technical note, the analysis of SMIS and TMIS involves
somewhat delicate calculations that leverage the Bellman re-
cursion in both the estimated d™ and its covariance matrix. As
a comparison — since TMIS is equivalent to the model-based
plug-in estimator — we apply the classical “simulation lemma”
[37] to it, which implies a bound of

N T 2 D A H4S2
|07 —v"| < H” sup || By (c|s,a) = Pp([s, a)ll1 = O/ ———).
h,s,a Nam

Observe that our more delicate analysis improves the bound to
[H2757q [ _H? )
n — ndm

4. OFFLINE POLICY EVALUATION WITH FUNCTION
APPROXIMATION

Next, we switch gears to consider OPE when the (state,
action) pairs are described by a continuous feature vector
o(s,a) € R?. This covers most real-life RL problems (such as
autonomous driving, robotic arm control, and health care).

The key challenge here is to generalize across unseen states
while maintain the statistical optimality at the same time. In

the discrete setting, empirical count (maximum likelihood es-
timate) is a natural algorithm that is optimal, but it cannot be
generalized in the function approximation setting. However, to
evaluate MDPs, the Bellman equations are universally true re-
gardless of the setting. As a result, one can apply the approxi-
mate dynamic programming principles [67] for the given func-
tion class and data. This is realized by the following Fitted Q-
Evaluation (FQE). For OPE with function approximation, we
review the time-homogenuous RL (i.e. transition probabilities
are identical across time P; = P) and reformulate offline data

_ k k .k .
b= { (Sh’ h Th) }he[H],ke[n] = {(si,ai,7i)} ;e[ through-
out the section (N =nH).

Fitted Q Evaluation. FQE is a variant of Fitted Q Iteration
[4, 16] which is designed for policy optimization purpose. A
brief history of FQI is discussed in Section 6. For a given func-
tion class F and data D, FQE recursively estimates QT , h € [H ]

via (QF;,, =0)

N

I ) 1

()  Qf =argmin NZ(f(si,ai) — )2+ 2p(f)
fer i—

with yp, = 7r; + fa Q?L—H (sit1,a) 7 (a| si4+1)da. Here p(f) is

a proper regularizer and is usually chosen as Lo, i.e. p(f) =

||f||§ The OPE estimator is

" =gy amn(ls) | QT(5,0)]

The squared loss function resembles the empirical approxima-
tion for Bellman question (1).

4.1 Linear function approximation

Linear function approximation considers the class Fj, =
{f:f(,)=(o(-,-),8),0 € R}. Denote the shorthand ¢y, :=
®(sn,an) and @™ (s) := Eqr(|s)[4(s,a)], then FQE can be

computed recursively via Qp, (s, a) = (s, a)T@;{ with

where 1 = 51 SN 667 (sn41) T B = SN 6n0] +
My and R = 271 Zfl\;l rn¢n. FQE does not learn the
model/transition dynamics, and it is generally regraded as a
model-free approach. Interestingly, by using the components
M\ﬂ,@;{ to approximate the population counterparts Mz, wy,
linear FQE is equivalent to the model-based plug-in estimator
[14, 27]. This phenomenon is similar to TMIS, which can be
interpreted as a model-based estimator.

When the data coverage of the behavior policy p spans the
state-action space and the linear function class is expressive
enough, FQE has the following efficiency guarantee.

THEOREM 4.1. Suppose assumption 2 (good data cover-
age) and policy completeness of assumption 3 (linear function
class is rich enough) are satisfied, then FQE is a consistent
OPE estimator with /N (0™ —v™) is asymptotically distributed
to normal N (0, 02). The asymptotic variance is given by

H

0% = Z (Vgl)TEflﬁhl,hQZfll/}fz,
hi,ha=1
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where v = E7 [¢ (sp,ap,) | s1 ~di], ¥ = % Zthl ¥h, and
the cross-covariance

H
1 T
th,hzzE[ﬁE ¢ (sprsap) @ (Sprsap)’ €ny hEhy ]

h—=1

and ey, = Qf (sprsap) — (Th' + Vi1 (Sh’+1)>-

Critically, the above asymptotic variance is optimal for OPE
with linear function approximation. In fact, for linear OPE with
Assumption 2 and policy completeness, the variance of any un-
biased estimator is lower bounded by o2 in Theorem 4.1. Such
a lower bound is constructed via computing the influence func-
tion from semi-parametric statistics [80, 82]. As a special case,
the linear optimality is also consistent with the tabular OPE. For
the time-inhomogeneous MDPs, the cross-terms vanish, and the
variance o2 = Y0 (V;LT)T 710y, 27T coincides with
Lcr in Theorem 3.1 when features are indicator functions for
states and actions.

From offline policy evaluation to offline policy inference.
In addition to the point estimator, Efron’s bootstrap [57] is
utilized in literature for distributional inference. By sampling
episodes D* = {7f,...,7,;} independently and with replace-
ment from D, the bootstrapped FQE is consistent in distribu-
tion, meaning

I~ (o~ ~ d 2
N (Ugootstrap - UITJFQE) - N (070 ) .
This implies the consistency of the moment estimations, and
one particular example is for the second order, i.e.
. SRT [~ ~ 2
lim Var[ N (Ugootstrap - UEQE)] =0 .

n—oo

Distribution shift characterization via Minimax-optimal
OPE. The finite sample error bound for FQE provides a similar
characterization for the hardness of OPE in the non-asymptotic
way. By incorporating the Chi-square divergence X%-'un (p,q) ==

E x)]?
D e, BT
[14]:

1, there is a simplified finite error bound

1+)£%JWJO—FO(AF4).

This shows the distribution divergence in an explicit way.

Wﬂ— _ ’U7T| 5 H2

4.2 Parametric function approximation

Parametric models extends the linear representation (¢, 8)
to the functional form f(6,¢), allowing for nonlinear or non-
convex structures. Fitted Q-Evaluation over this generic class is
less tractable since the regression objective (8) no longer yield
a closed-form solution, and the optimal solution can only be
characterized by the optimality condition through the lens of an
Z-estimator [38]

o o 20 [ (3060) s (31)] 308} =0

i=1

where ¢; = ¢(s4,a;),y;(0) := Ea/Nﬂ(_|sj+1)[f (9, 10) (Sj+1,a'))]
and @ = (01, ...,0y). Yet, FQE is still asymptotically efficient.

THEOREM 4.2. Under Assumption 3 and mild conditions,

when the number of episodes n — 0o and A = o(n~ /%), we

have convergence in distribution (N =nH) /N (O — Ur) 4,

N (0, 02) . The asymptotic variance o is

H
2 _ 1T v—1 -1«
o = Z [Vhl] Ehl Qh17h22h2 I/h2.
hi,ha=1

* T *
Here £, =E | 0L (Vo £ (65.9))) " (Yo, (65.7) .
V;LTT =E" [V, f (05,0 (sn.ap))], the cross covariance is

% i (v;f (07, qSh)) (ngf (9}‘, ¢h)) Ei,hfj,h]
h=1

with ejp = f(07,¢n) —rn —ET[f (07,1, Ont1) | Shal]-

;=K

The parametric FQE strictly subsumes the linear FQE as a
special case, and this can be seen by noticing ng f (9;, o) =
¢y, in the linear case. Besides, there is a matching Cramer
Rao lower bound, showing that the asymptotic optimality is
achieved [100].

On the analysis for OPE with function approximations.
For both linear and parametric cases, the OPE error can be
decon]l\})osed into two parts v™ —v™ = Ej + Eg, and E; =
% ;—1 1s the first order term with the form

H
eim S ()T SN (QF (sisa5) — (7 + Vi, (1)
h=1
and FE is the higher order term. Depending on the setting, (;
is either ¢; or Vg f(0;,#;). Higher order terms are generally
handled by the data coverage conditions, and the asymptotic
normality can be proved by Martingale CLT [54] or Z-Estimator
Master Theorem from empirical process theory [38].

5. OFFLINE POLICY LEARNING IN TABULAR RL:
PESSIMISM AND INSTANCE-DEPENDENT BOUNDS

Policy learning differs from the policy evaluation in that it
needs to optimize over a set of policies rather than just eval-
uating a given policy. Consider the case where there are finite
number of policies 71,72, ..., Tk, and the estimates for the re-
spective policies are ™1, ..., 0" X If that is all the information
provided, a natural algorithm for policy learning would be the
ERM (Empirical Risk Minimizer)

9) 7F = argmax, 0"

However, simply selecting policy via point estimators might not
provide the best approach due to uncertainty, and the error in the
estimators might cause incorrect prediction about the order of
policies. In particular, the dataset could be biased toward certain
states, contain many suboptimal actions, or even contain little
information about the optimal policy, which poses significant
challenges when trying to generalize beyond the observed data.
If an agent is too optimistic in regions where it has little or no
data, it may overestimate the value of actions in these regions,
leading to poor policy performance.

The generic recipe for offline decision-making (not just for
RL) is the so-called pessimism in the face of uncertainty,
namely, to stay conservative
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One should be biased towards the more conservative side
when the value of a decision is uncertain.

Pessimism is particularly important in real-world offline ap-
plications, where safety and reliability are crucial. For exam-
ple, in healthcare, an overly optimistic RL policy might recom-
mend treatments that appear effective in limited data but are
unproven or unsafe. Pessimism ensures that decisions are made
conservatively, focusing on treatments with scientific evidence.
Besides, offline RL can be used to train self-driving systems us-
ing logged data. A pessimistic approach ensures that the vehicle
avoids risky maneuvers that haven’t been sufficiently tested in
the training data.

Consider the multi-arm bandit (MAB) problem as a simple
example, where there are K decision arms. The goal is to iden-
tify the arm with the highest mean reward. Each arm has reward
estimate and uncertainty, then the principle of pessimism will
choose

(10) argmaxyc ) {Reward_Estimate; — o - Uncertaintyy, }
for some penalty parameter o > 0. The above quantity
Reward_Estimatej, — o - Uncertainty,

is often termed as the lower confidence bound, which discour-
ages the effect of uncertainty when no exploration is allowed
(i.e. the offline case). In contrast, online setting optimizes the
upper confidence bound Reward_Estimatey, + o - Uncertainty,
to encourage exploring region with high uncertainty (see Figure
below).

FIG 3. An instance of MAB problem with pessimism being the right
choice. Red choice: upper confidence bound. Blue choice: empirical
risk minimizer. Green choice: lower confidence bound (10). Red star
denotes the true mean reward; black cross denotes the point estimator

).

5.1 Pessimism is Minimax Optimal

An offline policy learning algorithm targets at identifying a
policy 7y such that its value differences with respect to the op-
timal policy 7* is small. The performance is theoretically char-
acterized by the probably approximately correct (PAC) bound,

v* —v™le < Poly(H, S, A, i, C,,) with high probability,
vn
meaning the performance gap is polynomial in the planning
horizon, number of states and actions, 1/y/n, and certain data
coverage parameter C';,. As the number of the episodes n goes
to infinity, v* — v™ale — (.

In addition, for the given n episodic data, the minimax risk

(suboptimality gap) [41, 83]
Ry :=inf sup Epq[v* — 0™
Talg MDP M

measures the best possible performance (information-theoretical
limit) for a class of MDP problems M in the worst-case-
scenario sense. If for certain algorithm 4, the PAC bound of
its suboptimality gap v* — v™ale matches R, then we call algo-
rithm A minimax optimal. The key feature for minimax lower
bound is that the supremum is taken over the whole MDP class,
making it instance independent. This is to say, the worst case
optimality are optimal “globally”.

* For the Uniform data coverage d;, > 0 (Assumption 4), the

.. . 3
minimax optimal bound has rate © (/-

), and it is at-

n-dm
tained by choosing the ERM estimator [74, 96].
 For the single policy coverage C* = % (Assump-
oo
tion 6), the minimax optimal bound has rate ©(y/ %L Sgc*)

by using the reference advantage techniques [73, 92].

The (near-)optimal worst-case performance bounds that de-
pend on their data-coverage coefficients are valuable as they do
not depend on the structure of the particular problem, there-
fore, remain valid even for pathological MDPs. However, the
global optimal characterizations are unable to depict what types
of decision processes and what kinds of behavior policies are
inherently easier or more challenging for offline RL. In partic-
ular, the empirical performances of real applications are often
far better than what those non-adaptive / problem-independent
bounds would indicate. For example, city driving vs. highway
driving in autonomous driving. In both cases, the state-action
space could be defined by the position, velocity, orientation of
the vehicle, but city driving is more complex due to a highly
dynamic and unpredictable environment whereas highway driv-
ing is simpler in comparison because the environment is more
structured.

Alternatively, rather than obtaining the PAC bound that de-
pends on the global parameters H,.S, A, we can delve into the
instance level and consider the instance-dependent characteri-
zation via transition kernel P, reward r, and behavior policy .
In general, instance dependent bounds should have the follow-
ing properties:

* It adapts to the individual instances and only require minimal
assumptions so they can be widely applied in most cases.

¢ It should characterize the system structures of the specific
problems, hold even for peculiar instances that do not satisfy
the standard data-coverage assumptions.

e It should recover the worst-case guarantees when the data-
coverage assumptions are satisfied.

For the rest of the section, we review how these guidelines are
accomplished for the policy learning tasks.

5.2 Towards instance optimality via Pessimism

In this section, we review instance-dependent offline RL in
the tabular setting.
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Pessimistic Value Iteration. To approximate the optimal Q-
function in (1), one can perform the update

(11) Q) < PhQni1) (o),

where 73h denotes the approximation for the Bellman operator
in (2) and Vj,(s) := maxg Qp(s,a). For a uncertainty quantifi-
cation I'y, (-, -), the principle of pessimism applies

(12) Qh('a')&Qh('v')_Fh('a')‘
This is the analogy to the lower confidence bound in the ban-

dit setting (10). The learned policy and value function by pes-
simistic value iteration are defined as (Vh € [H|):

TpV (- |sp) «—argmax,, (Qn(sh, ), Th(:|sh)).

Viu(s1) +maxz, (Qn(sp. ), 71 (-|sn))-

Model-based Estimators. Recall the approximated Bellman
operator Py, in (11) is defined via the plug-in estimators:*

ﬁh(s/|s a)= 2=t 1[(Sh+1’ah’sh) (s'5,a)]
P(s,a) = r=11[(af, s}) = (s,a)] - 7";;.

Ns,a
If ng o =0, Py(s'|s,a) = 1/8,7),(s,a) =0.

A Bernstein-style uncertainty. It turns out that the follow-
ing variance-dependent quantity

_ Var 5 (?h + ‘7}1_;,_1) H
Tp(s,a)=0 Do +

Ns,a Ns,a

describes the uncertainty for (12) appropriately. The conditional
variance Var g (rh + Vh+1) corresponds to the aleatoric un-

certainty Wthh measures the intrinsic uncertainty of the transi-
tion P, given the state-action (s, a). This is the uncertainty due
to the natural variability of the system being modeled, which
cannot be reduced by collecting more data. The term 1/ng 4 is
the epistemic uncertainty that comes from incomplete knowl-
edge and can be reduced by gathering more data [31].

The condition variance in I'j, creates the Bernstein-style pes-

simism. Compared to the Hoeffding-style pessimism O(H/ ., /fis.q)

which is overly pessimistic (due to \/ Var (7, + IA/thl) < H),
I'j, is more data-adaptive. Furthermore, for the fully determin-
istic environments where the transitions and rewards are deter-
ministic, the conditional variances vanishes and the uncertainty

has a faster scale 1/n 4.

THEOREM 5.1. Under the Assumption 6, denote Jm =
minhe[H]{dZ(shﬂh) :d}) (sp,ap) > 0}. For any 0 <6 <1,
such that whenn > 1/d,y, -log(HS A/§), with probability 1 —,

4n57a7h == > "_11[sj,a} = s,a] be the total counts that visit

(s,a) pair at time h.

the output of Pessimistic Value Iteration satisfies

PVI
0<v* —o™

H
apy SX 2 A

h=1(s,a)eCy,

~/ H3
O = .
+ (ndm)

Unlike the worst-case bounds that rely on the data-coverage
parameters, the instance bound requires the minimal assump-
tion 6. The key distinction is the main term in (13) is expressed
by the system quantities that admits no explicit dependence on
H, S, A. 1t depicts the interrelations within the problem when
the problem instance is a tuple (M, 7*, u): an MDP M (cou-
pled with the optimal policy 7*) with the data rolling from an
offline behavior policy p, so it helps understand what type of
problems are harder / easier than others in a quantitative way.

The complexity of the main term in (13) can be decom-

dr” (s,a)
V dh

the learning hardness of offline RL stems from two aspects.

\/Varpm (rp + V}Z‘_H)

n-dy(s,a)

posed into < \/ Varp, ,(rp + V7, 1), and this reveals

. . . 5 o e .
* Environmental variation’ | /Varp, ,(rp + V' ;) is jointly

determined by the stochasticity of transition, reward, and op-
timal value function. A problem with lower environmental
variation is easier than a problem with higher environmental
variation. This theoretical characterization explains the intu-
ition that stochastic environments are generally harder than
the deterministic environments.
d’g* (s,a)

dj (s,a)
fects the learning hardness. When the behavior policy u de-
viates far from the optimal policy 7*, the problem is intrin-
sically harder since the mismatch ratio becomes large. When
7% = 1, the mismatch ratio is bounded by 1 for all states and
actions.

¢ Distribution mismatch is the other factor that af-

Due to its fine-grained expression, (13) is named Intrinsic of-
fline learning bound by recent literature [95]. It also subsumes
the existing worst-case bounds that are optimal.

For uniform data-coverage 4, the optimal suboptimality is

@(\/% ). The intrinsic RL bound can be upper bounded by

this rate via cauchy inequality and Lemma 3.3:°

H Varp,  (rp, + V" ;)
VI - A\"h h+1
<S> (dh <->,\/ - =)
h=1

* dTr
d’TI'

d7r )® Varp( )(rh + Vh+1)
n-dm

@Varp( )(rh + Vh+1)>

n - dm

i

5 [50] named a similar quantity environmental norm.
Here ® denotes element-wise multiplication.
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o JHVares (SRl ) [ HP
- n-dm “\Vn-dn

which recovers the optimal rate.

a5

I <oo,

h
. . . . S .
a similar computation using Lemma 3.3 can recover the optimal

H35C* N
rate ©(y/ “—) via
PVI H
vt =™ Sy (dR (),

For the single policy coverage 6 with C* :=

Varp(') (rp + szk—l-l)

o &
<\ DT Oy Varp (r + Vi)
h=1
/SC*
Z Zdﬂ sﬂ‘h Val“p *()<7"h+Vh+1)
seS
SC* H H3SC*
< VH- Var, Zrt < .
n =1 n

Problem dependent domain. Similar to the online RL [99],
if we denote Q} = maxy,, q, Varpé an, (rp, + V,f_H) for all

h € [H], and relax the total sum of rewards to be bounded by
any arbitrary value B (i.e. Zthl rp, < B), then Theorem 5.1

implies:
HB? ~ H3
O(——).
\/ndm)}+ (ndm)

PV
v =T <m1n{ Z

For the problem instances with either small /3 or small QZ, the
intrinsic bound yields much better performances, as discussed
in the following.

Deterministic systems. For systems equipped with low stochas-
ticity, e.g. robotics, or even deterministic dynamics, e.g. the
game of GO, the agent needs less experience for each state-
action therefore the learning procedure could be much faster. In
particular, when the system is fully deterministic (in both tran-
sitions and rewards) then Q7 h = 0 for all h. This enables a faster

convergence rate of order - T and s1gn1ﬁcantly improves over

the existing worst-case results that have order %.

Fartially deterministic systems. Sometimes, practical appli-
cations can have a mixture model which contains both deter-
ministic and stochastic steps. In those scenarios, the main com-
plexity is decided by the number of stochastic stages: sup-
pose there are t stochastic Pp,rp’s and H — t determinis-
tic Pps,rps’s, then completing the offline learning guarantees

t-y/maxQy/ ndyy, suboptimality gap, which could be much

smaller than H - | /max Q. /ndy, when t < H.

Fast mixing domains. Consider a class of highly mixing non-
stationary MDPs that satisfies the transition Py (:|sp,ap) :=
vp(+) depends on neither the state sj, nor the action ayp,. De-
fine §; := argmax V;*(s) and s; := argmin V;*(s). Also, de-
note rngV;* to be the range of V}*. In such cases, Bellman opti-

mality equations have the form
Vi (8p) = max (Th (5p,0a) + V;TV;Z‘H) 7

Vit (s) = max (v (sp@) + 0] Vity1 )

which yields rngV}* = V¥ (55,) — V" (s81,) =
ming 1, (8p,,a) < 1, and this in turn gives Q7 < 1+ (rngv}j‘)2 =
2. As aresult, the suboptimality is bounded by 6(\ /H? ndp,)

in the worst case. This reveals, the class of non-stationary fast

mixing MDPs is only as hard as the family of stationary MDPs

in the minimax sense (Q(H?2/d€?)).

maxg rp, (8p,a) —

5.3 Assumption-Free Offline RL

We now review the scenario where the behavior policy can be
arbitrary in this section. In this case, © might not cover any op-
timal policy 7* (i.e. there might be high reward location (s, a)
that ¢ can never visit). This can happen when a mediocre doctor
only uses one treatment for certain patient all the time. Statisti-
cally, even with the infinite amount of episodic data, algorithms
might not learn the optimal policy exactly.

To better characterize the discrepancy, an augmented MDP

M is defined with one extra state s;fb forallhe{2,...,H+1}

with the augmented state space ST =S U {s;rl} Compared to
the original MDP M, the transition and the reward are modified
as follows:

Py (| spsan), sy, a, >0,

Pi(-Ispoap) =1 5
8;4-1

r(Sp,an), Nsy,,a, >0
(s, an) = 0 T T
y Sh =S}, OI N, ay, =0.

y Sp = Sy, O Ng}, a, = 0.

here 5 is the Dirac measure and we denote V,:f ™ and v to

be the values under M. In this case, the pessimistic value it-
eration guarantees with high probability that, for any behavior

policy p,
H+1

VI *
< S dm (s
h=2

Varpsf’ (ry, T yyim

+Vii1)
n-dj(s,a)

H
+ Z Z d};ﬂ*(s,a) .

h=1(s,a)eCy,

H3
0 (nd )
The off-support gap ZH:rl dTTr (s L) satisfies d;rf* (s};) =
vy > (5,)€S X A\Ct dI™ (s,a) and Cp, := {(s,a) : d}}(s,a) >
0}. When assumption 4 or 6 is satisfied, this gap vanishes since
S x A\Cy, = 0, and the assumption-free generalization reduces
to (13).

Beyond the tabular setting, assumption-free RL is also con-
sidered in the function approximation setting. [48] uses €, the
probability under a policy of escaping to state-actions with in-
sufficient data during an episode, to measure the state-action
region that is agnostic to the behavior policy, then it incurs
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an off-support gap w{‘%’f;(j The other study relies the condi-
tion Compliance of Dataset which only requires the data tu-
ples (s;,a;,ri,s;) to follow the same MDP transition P that
might not cover any good policy, and the data agnostic region is
handled by regularization to avoid singularity [34]. For general
function approximation, the off-support gap is characterized by
Theorem 3.1 of [91].

6. OFFLINE POLICY LEARNING WITH FUNCTION
APPROXIMATIONS

Fitted Q-Iteration (FQI) [16], which is initially named as fit-
ted value iteration (FVI) [24], makes it possible to take full
advantage of any regression algorithm for achieving general-
ization for reinforcement learning. In particular, it is widely
adopted for offline RL when only historical data are provided
[4, 58]. In the previous section 4, we have seen that its vari-
ants Fitted Q-Evaluation are the statistically optimal estimator
for the offline policy evaluation task. For policy learning with
function approximation, we review FQI/FVI as it still yields
strong instance-dependent guarantees.

Pessimism remains effective for function approximation.
The general prototype of pessimism combined with FVIin (11),
(12) remains valid for any MDPs. If the point-wise condition
[34]

|(Prh@n+1) () = (Prh@Qn41) () <T( )
holds true, then the suboptimality gap can be bounded by

H
PFVI
vt =0T <2 Z E(sp,.an)~m T (Shyan)] -
h=1

6.1 OPL with Linear Function Approximation
When Linear MDP models (c.f. section 2.2) are instantiated,

the FVI solves
(14)

n
2
. T
W, :argmaxweRd{E (Th+Vh+1 $h+1) ¢ (xf,, ap,) w)

=1

a2 }

and PpQni1(--) = o(,
tion. The pessimism 'y, (s, a) = dH\/qS(s, a)TAl:l(b(s, a), and
¢(s,a)TA}:1q§(s,a) represents the effective number of sam-
ples observed in offline data along the ¢ direction, and thus
represents the uncertainty along the ¢ direction. Here A;, =

216 (x],a]) ¢ (2], ag)T + X - I is the Gram matrix. The

resulting bound scales as
15)

)T@y, has a closed-form solu-

H
v* _Uﬂ_PFVI < dH Z
~ h=1 (Sh@h)’\”'r
Is FQI/F VI itself sufficient for optimality? When reducing
to the tabular MDPs with ¢(s,a) = 154, PFVI has the form

{\/(b (sh-an) Ay ¢(5h7ah)}

7In the discounted setting, 1/(1 — ), the effective horizon, is sim-
ilar to H in the finite horizon setting.

O(dH - Yhsad

Theorem 5.1 5(2}1’8@ 7" (s, a)

m* 1 : :
b (s,a) n-d;j(s,a))’ and this deviates from

VarPs,a (T+V}:+1)
n-d (s,a)

tor of HY/2, By direct comparison, it can be seen that PFVI

cannot get rid of the explicit H factor due to missing the vari-

ance information (w.r.t V'*).

Intuitively, it might not be ideal to put equal weights on
all the training samples in the FQI/FVI objectives, as differ-
ent data pieces carry different “amount” of information. The
term Varp, (7 + V;7, ;) happens to measure the aleatoric
uncertainty at location (s,a). If Varp, . (r+ Vi) <
Varp, . (r+Vj', ), then the information contained in sam-

) by a fac-

ple piece (si,ai,s},r1) is more certain than the sample
(82,(12,8/2,7'2). To address this, existing literature deployed
variance reweighting [55, 93, 97] for FQ/FVI.

Variance-weighted FVI. Instead of regressing via (14),
Variance-weighted FVI reweights each sample via an estimated
conditional variance 52

_ & [0l af) ) = ok = Vg (s )
Wy, := argmin —
weRE k=1 U%L(SI;L’ aﬁ)
2
+ AlJwl|z

where 52 approximates Varp,  (r + Vjy, 1) and can be com-
puted by estimating the first and second order moments sepa-
rately. The pessimism in this case is modified as:

~0 (\/3 (¢( ) TA g0, .))1/2) n M

with Aj, = )y qb(sh,ah) (Sh,ah)T/oh(sh,ah) + Ay be-
ing the reweighted Gram matrix. With the update Qp,(-,-) <
é(-,-) " @y, — T4 (-, -), we have the following.

THEOREM 6.1. For linear MDPs, under assumption 8 and
some mild conditions, with high probability, for all policy w

. Vw-PFVI
szmultaneously, v* — T is bounded by

dZIE W¢ AL o )})+2H:/&,

where A, = S8 d)(shéah) d(shoap)
Vh+1(sh’ah)

is also bounded by
A* 1 ( ):|) +

o(a e

where A} = ZK ¢ Sg;“h) Blshof)| + My and O hides uni-
Vir 1 GsFap)
versal constants and the Polylog terms.

+ Al Moreover, v* —
7rVw-PFVI

(16)

2H*d
n b

Theorem 6.1 extends the instance-dependent characterization
for offline RL in 5.2 to the linear case. Compared to FVI (15),
the main term in Theorem 6.1 replaces the explicit dependence
on H with a more adaptive/instance-dependent characteriza-
tion. For instance, if we ignore the technical treatment by taking
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A=0and o}, ~ Varp(V}7, |), then for the partially determinis-
tic systems (where there are ¢ stochastic Py’s and H — ¢ deter-
ministic Py’s), the main term diminishes to

fZ]E /ol

with h; € {h: s.t. Ph is stochastic} and can be a much smaller
quantity when ¢ < H. Furthermore, for the fully determinis-
tic system, 6.1 automatically provides faster convergence rate
O(%), given that the main term degenerates to 0.

TA* 1 (’)]

6.2 OPL with Parametric Function Approximation

The parametric function class F := {f(0,¢(-,-)): S x A —
R, 8 € O} provides the flexibility of selecting model f, making
it possible for handling a variety of tasks. For instance, when
f is instantiated to be neural networks, 6 corresponds to the
weights of each network layers and ¢(-,-) corresponds to the
state-action representations (which is induced by the network
architecture). When facing with easier tasks, we can deploy
simpler model f such as polynomials or even linear function
1(6,0) = (6,9).

Similar to FQE for the parametric function approximation,
FQI perform the update with pessimism (¢y, 3, = d)(sz, ai))

~ 2
. L [f (0, Pnk) = Thk — Vh+1(3£+1)}
0y, <+ argmin %
9co ;] ah(sh,ah)

Tu(e) & O 4y V0 @00 ) A, Vo oo, ) +

where 57 approximates a%(ga) 1= Varp(.|s o) (1 + Vi)
and the reweighted Gram matrix has the form

n
A=YV f(On b)YV f(Oh, Ong) ' /(s ak) + A I
k=1
Compared to Linear function approximation, the feature repre-
sentation ¢ is replaced with V f (6, ¢), and regression objective
admits no closed-form solution. This design generalizes the re-
sults in linear function approximation as follows:

THEOREM 6.2 ([98]). Suppose Assumption 7,9 and other

mild conditions, with probability 1 — 6, for all policy 7 simul-
taneously, it holds (¢, = P(sp, ap))

H
R =N 1
T i
o F <Y E, [Hw(emmHA;l} o
h=1
In particular, it has
~ H 1
T <dY E. « n
vt =" S Z_: ™ A;1}+n

T
Here A;kl _ ZK Vo f(0 s Ph, k)v f(9h>¢h k) + )‘Id and the

o}, (sh.a5)?
o (., )2 = max{1, Varp, Vi () 1

Hv;—f(ezvqﬁh)‘

From a technical perspective, the key tool for finite-sample
analysis in function approximation is the Self-Normalized Con-
centration for Vector-Valued Martingales [1], originally devel-
oped for analyzing stochastic linear bandits. This tool provides

+A[0113

a Hoeffding-style concentration bound that does not rely on
variance or second-order information. Recently, Zhou et al.
[105] extended this by proving a Bernstein version of Self-
Normalized Concentration for linear mixture MDPs. This ap-
proach is well-suited for analyzing variance reweighting mech-
anisms in offline RL, applicable to both linear MDPs [93, 97]
and parametric models [98] as discussed above.

6.3 Pessimism in the wild

Beyond the theoretical focus, the aim of pessimism is to ex-
plicitly account for uncertainty in state-action value estimation
and “penalize” actions in areas of high uncertainty. This ap-
proach generally involves modifying the value function (or pol-
icy optimization procedure) to discourage actions that have high
uncertainty. There are several ways to implement pessimism:

Lower Confidence Bound (LCB). Instead of using the point
estimate of the value function, the agent computes a lower
bound based on the confidence interval around the estimate. If
the agent is uncertain about the true value Q(s,a), it will use a
pessimistic estimate such as:

Qrcs(s,a) = Q(s,a) —X-U(s,a)

with A controlling the level of pessimism. This encourages the
agent to favor actions with more reliable estimates, avoiding
overestimated, risky actions, and is celebrated by theoretical re-
search [13, 64, 73, 85, 92] and other research mentioned in the
previous sections.

Penalty on Critic. Another approach is to add a divergence
penalty term to the critic objective to make conservative value
estimates [61]. For instance, [39] uses Fisher divergence with
respect to the Boltzmann policy and behavior policy, and con-
servative Q-learning [40, 49] uses Kullback—Leibler divergence
for the Boltzmann policy and the behavior policy.

Policy Regularization. Regularization is often used to pre-
vent the learned policy from deviating too much from the be-
havior policy. This can be viewed as a pessimistic strategy be-
cause the learned policy is constrained to stay close to what
has been observed, reducing the risk of taking untested ac-
tions. For instance, BRAC [87] adds a regularization term
Esp [DkL (m9(- | 8)|l7p(- | $))] to prevent the learned policy
from deviating too much from the behavior policy, thus ensur-
ing pessimistic behavior in uncertain areas.

Optimism vs Pessimism? While, under the offline setting,
the pessimistic algorithm is consistent with rational decision-
making using preferences that satisfy uncertainty aversion [23],
it remains intriguing whether pessimism is uniformly better
than optimism in the instance-dependent scenarios. For multi-
armed bandit problems, [88] demonstrated that greedy, opti-
mistic, and pessimistic approaches are all (globally) minimax
optimal for offline optimization, with each potentially outper-
forming the others in specific instances. For example, in case
1, where batch data frequently includes good arms, pessimism
performs better. Conversely, in case 2, if the behavior policy
pulls good arms infrequently, optimism may be advantageous
due to the higher uncertainty associated with good arms. This
suggests that existing instance-dependent offline RL studies pri-
marily address case 1 (echo Assumption 6), leaving open the
question of whether section 5.3 could be further enhanced by
incorporating an optimistic perspective, as in case 2.
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FIG 4. lllustration of the problem of low-adaptive RL.

7. LOW-ADAPTIVE EXPLORATION IN RL

So far, we have focused on offline RL which aims at doing
the best one can with the given data in learning a new policy.
The resulting algorithm is based on the “pessimism” principle
that discourages exploration.

If an offline RL agent ends up finding a near-optimal pol-
icy, that is because we are lucky to have observed data that
covered all states/actions that that optimal policy has taken.
Alternatively, we can change the goal-post (in “assumption-
free” offline RL) by declaring that we will only learn that part
that is “observable” based on the offline data. Statistical lower
bounds indicate that both these results cannot be substantially
improved.

This conclusion is quite pessimistic indeed in that it does not
take into account the common real-life scenario that the learned
policy may get deployed and that a new batch of data will even-
tually be collected, nor how to make use of the new data.

This is a much weaker claim than the online RL, which in-
volves algorithmically ensuring that the exploration policies to
have good coverage, hence allowing the learner to identify the
optimal policy.

One way to think about this is that offline RL is a problem
with no adaptivity allowed, while online RL allows adaptively
choosing a new policy after every trajectory. This motivates us
to consider the problem in between by asking:

Can we learn as well as the best online RL agent while using
only a few batches?

One can also think about the problem as a sequence of offline
RL problem, but the learner can decide on the exploration pol-
icy p to run for the next batch. All three examples that we con-
sidered as motivation of offline RL in the introduction may ac-
tually allow some limited exploration. Minimizing the number
of batches help to alleviate all of the following issues.

* Deployment Costs: Updating policies in distributed sys-
tems, such as autonomous vehicles or network routers,
can be computationally expensive.

» Testing and Approval Overheads: Policies in sensitive
domains (e.g., healthcare) require extensive testing, eth-
ical approvals, and regulatory compliance.

* Concurrency Challenges: Running experiments in par-
allel to identify optimal policies is limited by physical
and logistical constraints.

Low-adaptive RL addresses these challenges by limiting the
number of policy changes (K) during the learning process,

where K < T (the total number of rounds). This prob-
lem is well-studied in multi-armed bandits and linear ban-
dits which shows that no-regret learning with O(\/T) regret
can be achieved with only O(loglogT') batches of exploration
[10, 20, 66], but the same problem on RL is only getting started
recently [30, 53, 70, 71].

There are two closely related settings.

RL with low switching cost The learner must limit the num-
ber of times the deployed policy changes to K (for his-
torical reason the policy is often confined to determinis-
tic policies).

RL with low batch complexity The learner must schedule K
batches of exploration (i.e., experiments) ahead of time
and only look at the collected data in the completed batch
and decide on the (sequence of) policies to use for the
next batch at pre-determined checkpoints.

Both settings could make sense in practice with the second set-
ting being qualitatively stronger® as monitoring certain statis-
tics might be much cheaper than deploying new policies.

Regret and sample complexity in online RL. Considering
low-switching or low batch complexity in isolation does not
make sense, the algorithm must also be able to find a near-
optimal policy. To quantify the performance of an RL algorithm
it is typical that we consider (cumulative regret) of the sequence
of policies being played 7(*)

T
* (t)
Regret := Z v ="
t=1

or the number of samples 7" as a function of € > 0 such that we
can identify 7 that satisfies

0T T <e
In the remainder of this section, we survey the existing work
on reinforcement learning for both the tabular case and under
function approximation.

7.1 Learning Tabular RL in O(log log T") batches

Let us first state the known information-theoretic lower
bounds in this problem.

THEOREM 7.1. Consider the tabular RL problems (defined
in Section 2). Assume S < AH/Z9,

1. Any algorithms with a regret of O( Tpoly(H, S, A))
must incur a switching cost of Q(HSAloglogT) and use
Q(H/logT + loglogT') batches of exploration.

2. Moreover, any algorithms with a regret of o(T') must incur
a switching cost of Q(HSA) and use Q(H/logT) batches
of exploration.

81t is stronger when we allow randomized policies, and not com-
patible if we restrict to deterministic policies.

This is without loss of generality because otherwise uniform ex-
ploration and IS-based OPE with curse-of-horizon suffices to solve the
problem with one batch.
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The lower bounds of for the batch complexity is due to The-
orem B.3 of [30] and Corollary 3 of [20]. The lower bounds of
the switching costs are due to [71, Theorem 4.2 and 4.3].

Now let us inspect the algorithmic techniques in this space.
First, a doubling schedule of exploration due to the UCB2 al-
gorithm [5] can be combined with optimistic exploration -
learning to obtain a near-optimal regret while using only log(T")
switching cost[7], but since it requires monitoring the explo-
ration to decide when to change the policy, its batch complexity
remains 7.

Can this algorithm be improved? Qiao et al. [71] designed a
policy elimination-based method called Adaptive Policy Elimi-
nation by Value Estimation (APEVE) that achieves the follow-
ing guarantees:

« Near-Optimal Regret O(v/ H4S2 AT) which is optimal
up to a factor of HS.

* Switching Costs of O(HSAloglogT) matching the
information-theoretic lower bound.

* Batch complexity of O(H loglogT'), which matches
the information-theoretic lower bound in 7' '

These results highlight that low-adaptive RL can achieve com-
parable performance to traditional online RL while using only
a small number of batches.

APEVE is a policy elimination method, which iteratively nar-
rows down the set of candidate policies by eliminating those
deemed suboptimal. The method combines:

1. Crude Layer-Wise Exploration: A coarse-grained explo-
ration scheme that explores each #, s, a layer by layer. This
provides a crude approximation of the useful part of the
MDP’s transition kernel.

2. Fine Stagewise Exploration: Use the crude transition ker-
nel estimate to plan and identify HSA policies that each
visits a particular triplets h, s, a most frequently among all
policies in the remaining set of policies, then execute these
policies to collect more data.

3. Confidence-Bound Based Elimination: Use the dataset
with good coverage to conduct OPE on all policies that re-
mains to be contenders, then eliminate those policies with
their upper confidence bound lower than the highest lower
confidence bound.

Let the total number of stages be K, and the k" stage have
length T7*) = g1-1/ k, one can work out that the smallest K
such that Zé(:l T®) > Tis K = O(loglog T). The total num-
ber of stages is only O(loglog T") and in each stage, it requires
deterministically changing policies for H S A times per stage.
Reward-free exploration with O(H )-batches. Qiao et al.
[71] also presented a reward-free exploration method (LARFE)
with a sample complexity of O(H?S? A/€?) for identifying any
policies while using only 2H rounds of adaptivity. LARFE does
not need to perform the loglog T stages of exploration since it
does not care about regret, so the crude-layerwise exploration
can reach a reasonable approximation and the H .S A exploration
policies can be identified at one shot for driving the error down.

10A minor variation of APEVE called APEVE+ achieves Batch
complexity of O(H + loglogT) [71].

These results demonstrate that there are algorithms that can
achieve nearly the same regret or sample complexity as the
best online algorithm even if we only give a very small room
for adaptively updating the policies. The result is further im-
proved in [102], who improved the regret bound to the optimal
O(V H3SAT) while retaining the same batch complexity.

7.2 Linear function approximation and Reward-Free
Exploration in O(H) batches

The natural next question is whether APEVE-like algorithms
can be derived for RL under linear function approximation. The
lower bounds are in place,

THEOREM 7.2 (Theorem 7.2 and 7.2 of [70]).  Under linear
MDPs setting, any algorithm that achieves O( Tpoly(d, H))
regret must incur a switching cost of Q(dH loglogT) and a
batch complexity of Q(H/logd + loglogT)

Unfortunately, there are technical challenges and the best
low-adaptive learner of linear MDPs for regret minimization
still requires O(log T') batches from the doubling trick [19, 84]
using the doubling trick from Abbasi-Yadkori et al. [1].

On the other hand, in the reward-free exploration setting,
a policy elimination approach [70] with merely H batches
of exploration while achieving a sample-complexity bound of
O(d?H?® /€%). This improves over a related result [30] that ob-
tains O(d3H? /e V12nin) where vy is an (arbitrarily small)
problem-specific reachability parameter. The algorithm of [70]
is also more satisfying as it does not need to know vy,i, and the
result does not deteriorate as v, gets smaller.

The key algorithmic ideas are closely related to the reward-
free exploration algorithm (LARFE) for the tabular case that
uses layer-wise exploration (which gives rise to H batches of
exploration), with a carefully chosen batch of exploration pol-
icy for the next layer after knowing the MDP parameters for the
current layer.

The main difference from the tabular case is that instead of
estimating the transition kernels as discrete probability distri-
butions, we now solve linear regression problems. Instead of
identifying the policies that maximizes the visitation measure
to every (h,s,a), we identify a set of policies IIj, . that maxi-
mizes the visitation to every direction of features ¢(h, s, a) that
is relevant to learning while still keeping the set relatively small.
Then the batched exploration policy 7 that can be obtained us-
ing a variant of G-optimal experiment design that minimizes the
maximum “misalignment” of the covariance matrix, namely,
max,err, , Er[¢(s, a)T' S ¢(s,a)]. This is still infeasible be-
cause 7’ is not executed, but we can estimate the E[-] uniformly
forevery ' € 11}, . and showed that the approximate G-optimal
design still works.

7.3 Beyond Linear MDPs

Low-adaptive RL beyond linear function approximation is
more open-ended. Most existing work settles with O(logT))-
style switching cost bounds that generalizes the “doubling
trick” to more abstract settings such as linear Bellman-complete
MDPs with low inherent Bellman error [72] or low Bellman
Eluder-dimension [103]. There hasn’t been any algorithm that
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achieves no regret learning with either O(loglogT') switching
cost or O(loglogT) batches of exploration. This is a major
open problem in this space. The best-policy identification prob-
lem is likely to be easier. We believe reward-free exploration
in the low-adaptive case is tractable by combining techniques
from [70] and [98].

8. CONCLUSION AND OPEN PROBLEMS

In this paper, we have surveyed recent advances in the statis-
tical theory of offline reinforcement learning as well as the re-
lated problem of low-adaptive exploration. Both problems are
well-motivated by the emerging applications of reinforcement
learning for real-life sequential decision-making problems. We
covered results that characterize the optimal statistical com-
plexity of each problem family as well as algorithms that are
not only minimax optimal but also adaptive to individual prob-
lem instances across a hierarchy of coverage assumptions and
structural conditions. We described not only the technical re-
sults but also theoretical insights on how these algorithms work
and where the technical challenges are.

We conclude the paper by highlighting a few open directions
of research in this rich problem space.

* Agnostic Offline RL with function approximation.
Most provable offline RL algorithms in the function
approximation settings require strong assumptions on
the realizability and self-consistency (i.e., Bellman com-
pleteness) of the given function class. In practice, it is
observed that even when linear function approximation
is a poor approximation, the resulting policy that one can
learn with it under a realistic exploration budget is still
very impressive. At the moment there is no appropriate
theoretical framework that satisfactorily quantifies this
behavior. It will be nice to understand how much we can
push the theoretical limit towards achieving similar lev-
els of agnostic learning for offline (and online) RL com-
parable to supervised learning.

* O(loglog T')-adaptive RL with function approxima-
tion As we described in Section 7.2 it remains open
even under linear MDP how to achieve the optimal
O(loglog T') batch complexity or switching cost while
achieving a O(\/T ) regret. This is a concrete open prob-
lem that we hope to see resolved in the next few years.

* Efficient computation The paper focuses on the information-

theoretical aspects of the problems and does not distin-
guish whether the OPE estimators, offline RL algorithms
or the low-adaptive online learners are efficiently com-
putable. For offline RL, anything beyond linear MDPs
are computationally intractable. For low-adaptive RL,
the algorithms are inefficient even for the tabular case
(except in some cases when there are linear-program re-
formulations of the experiment-design).

* Theory-inspired algorithms in offline Deep RL De-
spite the widely-recognized importance of offline RL
problems, the theory and practice remain pretty disjoint.
The principle of “pessimism” is independently discov-
ered but the theoretically approaches for implementing
“pessimism” and deep RL heuristics for implementing

“pessimism” are very different. The Deep RL heuristics
are often overly optimized to the specific test cases in
popular benchmarks and do not work well in new prob-
lems. This was demonstrated in the context of RL for
computer networking [25] and that an simple alternative
algorithm inspired by the pessimistic bonus of [98] turns
out to work significantly better than state-of-the-art deep
RL counterparts. We believe it is a productive avenue of
research to bring some of the theoretical ideas from of-
fline and low-adaptive RL to practice in different prob-
lem domains.

APPENDIX A: EXAMPLES OF “CURSE OF HORIZON”
FOR IMPORTANCE SAMPLING ESTIMATORS

In this Appendix, we provide two concrete examples where
the IS estimators suffer from the “Curse of Horizon”.

Example 1.[46] Consider a “ring MDP” with n (an odd num-
ber) states S = {0,1,--- ,n — 1}, arranged on a circle (see the
figure on the right). There are two actions for all states, “L”
and “R”. The L action moves the agent from the current state
counterclockwise to the next state, and the R action does the
opposite direction. This can be equivalently written as:

P(s'|s, L) =1(s' =5 — 1 mod n)
P(s'|s,R)=I(s'=s+1modn).

Letn € [0,1] and ) # 1/2. We choose the behavior policy p and
target policy 7 as follows: w(R|s) = u(L|s) =1—n, p(R|s)=
m(L[s) =n.

PROPOSITION 1. Variance of cumulative ratio pi.p grows
exponentially in H. Formally, Var,,[p1. ] = A{f —1with A, =

3 —_n)3
L) 1. Similarly, it further holds Var,,[6f5] = ©(AL).

PROOF. Denote C' = (1 —7)/n and 7 to be the random tra-
jectory, then F(1) = Zfil I(a; = R) follows a Binomial dis-
tribution Binomial(H,n). Furthermore, the relation holds that

H 2F(t)—H
7 (at|st) (1 77) 2F(r)—H
. = = = C .
pl.H(T) t|:|1 N(at|5t> n

Note F(T) ~ Bin(H,n) implies Er~,[p1.7(7)] = 1, and the
second order moment

Erop [m:H(T)ﬂ =Ermpy, [(C2F (r)—H )2] _

H
B(4logC) - C2H = [(1 o nc‘*) 0—2] — Al
Here @ is the moment generating generating function of Bino-
mial distribution (VA € R):
®(A) = Ernplexp(AF (7)) = (1 =+ nexp(A)
Therefore, the variance is A{]J — 1 which is exponential in H.
Besides, Var, [0f5] = @(AWH ) can be proved similarly. O

Example 2. [90] For the second example, we can con-
sider an MDP with i.i.d. state transition and constant sparse
reward 1 shown at the last step. The IS estimator becomes
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e _ s m@ls) log It is bounded
Ui = 7 2 1= W] uppose log 7t is bounde

(or equivalently % is bounded from both sides) with Ej,, =
E[log %] and Vj,g = Var[log %] By Central limit theorem,

random variable Zfil % ~ N(HE)qg, HE\og) asymptoti-

cally, and this is the same as Htlil % ~ LogNormal(H Ejog, HVieg).

This comes from the state transitions are i.i.d. The variance of
Hfil % is again exponential in horizon O (exp(H Viy)).

Both examples have finite number of states and actions,
which demonstrates that IS-based estimators suffer from expo-
nential variance even for the simplest tabular RL.

As we discussed, there are other estimators that do not suf-
fer from the curse of horizon for these problems, but they all
require the value functions to be easily estimable (with a small
state space being a special case).
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